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Abstract. We discuss the different possibilities of constructing the 
various energy-momentum tensors for noncommutative gauge field 
models. We use Jackiw's method in order to get symmetric and 
gauge invariant stress tensors — at least for commutative gauge field 
theories. The noncommutative counterparts are analyzed with the 
same methods. The issues for the noncommutative cases are worked 
out. 
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1 Introduction 



In a previous paper |Xj we have analyzed the energy-momentum tensor on noncom- 
mutative spaces and we have found that the dilation symmetry is broken due to the 
presence of the deformation parameter Q^ v characterizing the noncommutative geom- 
etry by [2j 

[x",x v ] = i6» v . (1) 

The existence of a constant, fixed antisymmetric tensor field Q^ v clearly also breaks the 
Lorentz symmetry [I], |S] if does not have a tensorial transformation behaviour 
with respect to Lorentz transformations. This situation resembles in some sense the 
axial gauge in gauge field models. There, the presence of the constant, fixed gauge 
'direction' n M breaks the Lorentz invariance, too 

In particular, the occurence of 6^ u in noncommutative quantum field models induces 
that the corresponding energy-momentum tensor needs neither be symmetric (for 
massless models), nor traceless. 

The aim of the present work is the investigation of the construction of the energy- 
momentum tensor in massless and commutative gauge field models and their noncom- 
mutative counterparts, in order to work out the different aspects of the stress tensor 
for both cases. 

Generally, the usual Noether procedure for the construction of the canonical energy- 
momentum tensor in the worst case needs an improvement procedure and the Belin- 
fante trick [7j, [Hj, in order to get a symmetric and traceless stress tensor. However, 
due to the idea of Jackiw 0, [101, [H]> t nere is a more direct method to get the correct 
stress tensor by combining the Noether procedure translations with field dependent 
gauge transformations. 

The paper is organized as follows. In section 2 we demonstrate the power of Jackiw's 
recipe for the construction of the energy-momentum tensor for a general U (N) non- 
Abelian gauge field model. Both quantities, the canonical stress tensor and the sym- 
metric one will be discussed in defining appropriate Ward-identity operators ^2J for 
the description of infinitesimal translations. Additionally, the commutative Yang- Mills 
model is also characterized by the gauge symmetry implying the existence of a con- 
served gauge current. 

Section 3 is devoted to the discussion of the energy-momentum tensor for noncom- 
mutative non-Abelian gauge field models. The methods used for the commutative 
case can be applied without any difficulties also to the noncommutative counterpart. 
The results obtained in section 3 are very similar to the corresponding output of the 
commutative case. However, there is a severe difference: The stress tensors are no 
longer locally conserved due to the fact that cyclic rotation of Moyal products occur- 
ing in the stress tensors is locally impossible. After all, the symmetric version of the 
energy-momentum tensor is locally covariantly conserved with respect to the covariant 
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derivative of the gauge symmetry. 

In sections 4 and 5 we discuss the influence of the so called Seiberg-Witten map 
on the construction of gauge invariant actions and the corresponding stress tensors. 
In section 4 we treat the noncommutative non-Abelian field model obtained via the 
Seiberg-Witten map to lowest order in 9^ u (THj. Section 5 discusses the special case 
of the ^-deformed Maxwell theory (U(l)). The construction of the symmetric energy- 
momentum tensor confirms a recent result obtained by Kruglov [T3] . 
All investigations are done in the classical approximation without radiative corrections. 

2 Energy- Momentum Tensor in Ordinary 
Yang- Mills Theory 

In order to demonstrate the various possible constructions (canonical form, Belinfante 
procedure, construction modulo a gauge transformation) of the energy-momentum 
tensor jT], jH], 0, [TU], let us start with a commutative Yang-Mills model, where 
the gauge field is matrix- valued, = A®X a , X a being the corresponding generators 
of the gauge group U(N). 

The corresponding infinitesimal gauge transformation is given by 

fixAfj, — d^A — i[Afj,, A] =: D^X, (2) 
implying that the non-Abelian field strength 

= d^A u - cU M - i[A„ A v \ (3) 

transforms covariantly, 

5xF lu ,=i[\F ia ,\. (4) 
Therefore, the gauge invariant non-Abelian action is given by 

T mv [A] =~\J d A xtr{F, u F^) =: ~ J d 4 xtrF 2 (5) 

The equation of motion for the gauge field is 

S 
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Finv[A] = D p F pv = 0. (6) 



The symmetry transformation may be expressed by the global Ward-identity (WI)- 
operator 

W G {\) = I d^trD^\(x)j^—. (7) 
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Gauge invariance is stated through W G (\)T inv = 0. This implies the following local 
identity for the gauge symmetry, 

W G (X)T mv = 0. (8) 



SX(x 

This defines the locally conserved current for the gauge symmetry, 

f G = -i[A p , F"»], -d,f G = id„[A p , F"»] = 0. (9) 

By direct computation and by use of the equation of motion one easily verifies (JOJ) • 
Now we want to discuss the infinitesimal translation described by the following global 
Wl-operator, 

Wl = J d^xtrd.Mx)^^. (10) 

By applying the Wl-operator (|lUj) to the gauge invariant action one gets the canonical 
energy-momentum tensor due to translational invariance, 

W^T mv = J d A xtr{d p { l -{F pv ,d,A v }- l -g p ,F 2 )) 

d*xd?T^ = 0. (11) 



Thus, the canonical energy-momentum tensor is defined as 

T c p , ■= -tr(\{F pv ,d,A»} - \g P ,F 2 ). (12) 

It is simple to show that T p is locally conserved by using the equation of motion. 
However, T p is not gauge invariant, not traceless and not symmetric in (p, /i). In order 
to obtain a symmetric stress tensor one has two possibilities |Zj , [B] . Here we follow the 
method proposed originally by R. Jackiw ^H! in using an alternative representation for 
infinitesimal translations. Modulo a field dependent gauge transformation a possible 
description of translations is given by 

Wf = J d^trF^{x)j^— (13) 



leading to 



= j d 4 xtr{d^{F pu ,F^}-\g p ,F 2 )) 

= - [ A^ = 0, (14) 
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where T* is gauge invariant, symmetric and traceless, 



1 1 

^{Fpu, F^ } - - 



T s p , := -H-{F pv ,F;} - -g pp F 2 ). (15) 



One observes that the Jackiw construction unifies the Belinfante and improvement 

procedure. 

Using the splitting 

Fp U = d»A v - dvA^ - i[A^ A,} = d p A u - D V A^ (16) 
one gets for the canonical tensor 

T c m = -tr(\{F pu , F; + D U A P } - \g PP F 2 ), (17) 

implying that the difference between the canonical tensor and the symmetric one 
becomes 

T^-Tl = -\tr{F pv ,D»A»}. (18) 
Due to the fact that the Wl-operator of the translation is represented by 

K = K + K = j d4xtr ( F ^jA^) + d ^ x) ji^x)^ (19) 

the field dependent gauge transformation corresponds to the difference — , 
-W°r inv = - j d'xtr{D v A p {x)^^) 

= - J dW0 p (i{F^, (20) 
This is easily checked by explicit calculation with the use of partial integration, 



-W^T inv = - <jfatrD u A li D p F'»' 



J d 4 xtr(d p {^{F pv , D v A^}) — D p D v A p F pv ) . 



(21) 



With the antisymmetry of F pv the second term is easily shown to vanish. This is very 
similar to the construction of the stress tensor of the Maxwell theory ^H]- Another 
interesting comment has to be made. If we omit the tr symbol in the definition of the 
energy momentum tensor , 

t;;-.= -{\{f pv ,f;}- 1 - 9pp f*), (22) 



we get an object which is (due to the equation of motion and the Bianchi identity) 
covariantly conserved, 

d"t;; = o. (23) 

In discussing the noncommutative counterpart we will find that a similar 'covariant 
conservation' is also valid there. With (l2"3l one finds 



d<>T;; = i[Ao,T;;i (24) 

which is consistent with 

W?V inv = - J d A x tr(d p T s p ;) = 0. (25) 

3 Energy- Momentum Tensor in Noncommutative 
Yang- Mills Theory 

It is now straigthforward to discuss also the noncommutative structure in the spirit 
of the considerations done in the previous section. In noncommutative gauge field 
models one has to replace all field products by ^-products j2] and one introduces 
the noncommutative matrix valued gauge field A. The corresponding gauge invariant 
action is therefore 

£inv[A] = -\J d A xtr(F^*F^), (26) 
with the noncommutative field strength 

F^ u = d„A v - d v A» -i[A^ A U ] M . (27) 
Here the Moyal commutator is given by 

[A ll ,A v ) M :=A ll -kA u -A v *A li , (28) 

using the ^-product, 

A(x)*B(x) = e^ d ^A(x + £)B{x + v)k=v=o- (29) 

The infinitesimal gauge transformation is defined as 

= <9 M A - i[A^ X]m =: Au * A, (30) 

where A is the noncommutative counterpart of A of equation (j2J The equation of 
motion for the gauge field is then 

f™[A] = D p *i> = 0, (31) 
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and for the locally conserved gauge current we get 

j£ = -i[A p ,F^] M . (32) 

At the level of noncommutative gauge field models one can perform the same steps as 
in the previous section. With 

1 J bA v (x) oA v (x) 

= J d A xtr{d^^{F pvi d^} M - - A g pp F a ^F^)) (33) 

we find 

T° Pfl = ~(\{F PV , d»A»} M - \g m F a p * F af3 ) . (34) 

Analogously we have 

2 J K ^ } SA v (x) 5A u (x) >> 
= J dUr(d\\{F pv ,F;} M -±g m F aP *F^)) (35) 

and 

T pp ■= -(\{K,F;} M - ~g pfl F af3 *F<*P). (36) 

Here { , }m represents the Moyal anti-commutator in the sense of (|28jl. Note that 
in order to define 'local' quantities, J dfa tr — the integration over space-time and the 
trace over the colour indices — cannot be seperated in noncommutative geometry After 
all, (J36|) is symmetric, traceless and transforms covariantly with respect to (}30|) .pj. It 
is also locally covariantly conserved, 

b»*f^ = Q. (37) 

This is shown with the help of the equation of motion and the noncommutative analo- 
gon to the Bianchi-identity. We find that the energy-momentum tensors are not locally 
conserved 1 , 

dPt^ ± ± d"f^, (38) 
which is already known from the works £Q, |14j . 

1 Even a 'formal' definition of the tensors including the ir-symbol does not help, since the trace of 
a Moyal commutator is not vanishing locally. 
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4 Enery-Momentum Tensor 
via Seiberg-Witten Map 

Another possibility to formulate noncommutative gauge field models is based on the 
fact that one can use the so called Seiberg-Witten (SW-)map [HJj, [IB], [H]. This map 
ensures the gauge equivalence between an ordinary gauge field and its noncommutative 
counterpart. It implies that the noncommutative gauge field A p and also F pu can be 
expanded in a series in the deformation parameter Q^ v of the noncommutative space- 
time geometry, with coefficients depending on the ordinary gauge field. This section 
discusses the translation invariance of the SW-expansion of the noncommutative U (AO- 
Yang Mills (NCYM-) theory. The starting point is equation (|26p. 

t inv [A] = ~J d 4 xtr(P pu *F^). (39) 

The SW-map to lowest order in 6 pu for the noncommutative gauge field is 

K = K~ \ ePa { A Pi + F olt }, (40) 
implying the following field strength expansion ^3] 

Ffiv = F„ v + (2{F W , F ua } - {A p , D a F pv + d a F^}) . (41) 

For the ordinary (commutative, Lie-algebra valued) field A^ and field strength F pv the 
corresponding gauge transformations are given by ^ and (jl]), respectively. 
Expanding the ^-product in (j2*H|) we have [E], [IE] 

FlM = J d 4 xtr( - \p pv F^ - l -e^{F, a F vP F^ - \F a ,F 2 )) + O(0 2 ) 

= j 'd*xtrCi v + 0(9*). (42) 

The corresponding equation of motion is 

-D P W» = D p {F^-- A {d^F aP F^ + {FP\d aP F^}) 

+\{{e vP F a ^ F pa } - {9^F al3 , F va } + {F p a , 9^F^})) 
= 0. (43) 
The quantity U pL/ is antisymmetric, 

dC 9 

Y\P U — -Y\"P — m " (A A) 

d{d p A v y l44J 
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and II p0 is the canonical momentum. The analogous calculations as in section 1 give 
now 

f fir 9 

WjTL := J &1rdpMx)j£ffi 

d 4 a;<9T p c ;f = 0. (45) 
Thus, the canonical energy-momentum tensor becomes 

T C J := tr {l{U pu , d,A»} - g p ,£° nv ) . (46) 



Similarly, one gets 



VerL, = / d 4 xtrF a Jx 



„ inv I 5AJx) 



J d A xtr{d^\{-Yi p ^ F;} + g m £f> nv )) 



d*xd%>» = 0, (47) 



implying the following definition, 



T$ := tr (^{n p „ F;} - g m Cl v ) . (48) 

Both currents ()46|) and (}4*5j) are locally conserverd, 

dPT c,e = g PT s,e = Q) (4Q) 

and they are related by a Belinfante like procedure 

T S J = T c J + tr(D^A,U pu )) 

= Tg + PxWAv (50) 

One observes that both versions of the enery-momentum tensor are neither symmetric 
nor traceless. This is due to the fact that the Lorentz invariance and the dilation 
symmetry are no longer maintained [H]. However, one has to stress that T p £ is 
invariant with respect to infinitesimal gauge transformations (j2J. 
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5 The C/(l)-case: ^-deformed Maxwell theory 

The most simple, but still interesting, case of a ^-expanded gauge theory is the U(l)- 
NCYM-theory, the ^-deformed Maxwell theory (without sources). One just replaces 
in the expressions derived in the previous section the matrix- valued U (N) gauge field 
A a X a by the ordinary photon field. Omitting the trace symbols we get 

IU4 = j** ( - j V" - U a \F m F v ^ - -F a ^)) + 0[9 2 ) 

= J d\d> nv + 0{6 2 ). (51) 

Again, with the canonical momentum, 

8C e 1 1 

-{9^F a pF pa - 9^F afi F va ) - Fy af3 F^, (52) 
we find the equation of motion [T3] . 

d p U pv = 0. (53) 



The stress tensors read 



Tpu — ^-pudpA" — g P pC e invl (54) 



■pp. 



TpL, — n^i* 1 g P pC inv . (55) 



Explicitly we have for T 



pp. 



Tpp\o(8) - -g P p£inv - Fp U F p u (l - -9 al3 F al3 ) 



T s ' e = —a C 8 — F F v (\ - -9 af3 F a) + -F 9 u F 2 

+Fp V 9 p(3 Fj i F va - {F, a F pv + F pa F^)F a ^. (56) 

The latter equation confirms Kruglov's result [Hj. One has to stress that Tj 1 ' is not 
symmetric and not traceless. Additionally, it is remarkable that in expanding the 
tensor for the {/(l)-case one gets 

1 

2< 

~(Fp £f F pv + FpaFp^F^ + 9 aP d p {A a F pv F;) 
* T s P p d (57) 
We observe that (ignoring the total derivative) the nonsymmetric parts of T p '® do not 
appear in the expansion of T p . Moreover, these are exactly the terms where 6 p carries 
a free index p. For T p ' p and T p we get the analogous result. 

Thus we find that the calculation of the energy-momentum tensor does not commute 
with the Seiberg-Witten expansion of fields and Moyal products. 
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6 Conclusion 



For noncommutative gauge field models we have studied (at the classical level) the 
construction of the various energy-momentum tensors in order to describe translation 
invariance of different noncommutative gauge field theories. Due to the presence of 
the deformation parameter 6^ (as a constant, antisymmetric, fixed tensor) Lorentz 
and dilation invariances are manifestly broken, entailing that the corresponding stress 
tensors are not symmetric and not traceless. The obtained results may be the basis 
for the discussion of broken Lorentz and dilation symmetry. 
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